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Abstract 

We construct the non-linear realisation of the semi-direct product of En and its 
first fundamental representation at low levels in four dimensions. We include the fields 
for gravity, the scalars and the gauge fields as well as the duals of these fields. The 
generalised space-time, upon which the fields depend, consists of the usual coordinates 
of four dimensional space-time and Lorentz scalar coordinates which belong to the 56- 
l/"") '. dimensional representation of E7. We demand that the equations of motion are first order 

in derivatives of the generalised space-time and then show that they are essentially uniquely 
■ determined by the properties of the En Kac- Moody algebra and its first fundamental 

\q ■ representation. The two lowest equations correctly describe the equations of motion of 

the scalars and the gauge fields once one takes the fields to depend only on the usual four 
dimensional space-time. 
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1 Introduction 

One of the most remarkable discoveries in the development of supersymmetry, and 
indeed string theory, was the presence of an £7 symmetry in the four dimensional maximal 
supergravity theory [1,2]. There followed the discovery of E 8 [3] and Eg [4] symmetries in 
the maximal supergravity theories in three and two dimensions respectively, as well as a 
conjectured E10 symmetry in one dimension [5] . It was also found that the ten dimensional 
IIB supergravity theory possessed a SL(2) symmetry [6]. Apart from the last symmetry it 
was universally assumed that these symmetries were a quirk of dimensional reduction on a 
torus. The one exception was discussed in the papers of references [7, 8]. The first of these 
papers sacrificed the tangent space group to be just SO(l,3) but was then able to show 
that eleven dimensional supergravity possessed a SU(8) symmetry; the latter papers in this 
reference were variations on this theme. While in reference [8] it was argued that eleven 
dimensional supergravity possessed exceptional structures such as a generalised vielbein 
associated with the group Eg, however, the presence of these structures did not lead to 
the conclusion that the theory possessed an E$ symmetry group. 

Inspired by the observation that the eleven dimensional supergravity theory was a 
non-linear realisation [9] it was conjectured that the non-linear realisation of En con- 
tained eleven dimensional supergravity [10]. This work was extended to show that the 
non-linear realisation of En also contained the IIA [10], IIB [11] and lower dimensional 
supergravity theories [12,13,14,15]. The different theories result from the different possible 
decompositions of the Kac- Moody algebra En that one could take. As the maximal su- 
pergravity theories contain all effects at low energy of the underlying theory of strings and 
branes it was proposed that this underlying theory of strings and branes should possess 
an En symmetry [10]. In the early papers our usual notion of space-time was introduced 
by adjoining the space-time translation generators to the En algebra in an adhoc step. 
However, in 2003 the non-linear realisation of the semi-direct product of En together with 
generators that belong to its first fundamental representation, denoted li, was considered 
[16]; this algebra was denoted by En ® s h- The highest weight state in the h represen- 
tations corresponds to the usual space-time translations, but this representation contains 
an infinite number of elements. We recall that the notion of a semi-direct product is well 
known to physicists as the Poincare group is just the semi-direct product of the Lorentz 
group and the space-time translations. To understand reference [16], that is, the non-linear 
realisation of En ® s li one has to be familiar with the notion of a non-linear realisation 
which in this case is quite distinct from what is often called a sigma model. This subject 
was once well known, at least in some sections of the community and particularly in Russia 
in the 1960's, but this knowledge seems to have largely been lost in the present, with some 
notable exceptions. Examples of such non-linear realisations can be found in [9,10,19] and 
a review of non-linear realisations, and the En programme, can be found in the book 
of reference [17]. The non-linear realisation of the type considered in [16] introduces a 
generalised space-time which is automatically equipped with a generalised vielbein and 
corresponding generalised tangent space. 

The li representation contains an infinite number of elements and so introduces an 
infinite number of generalised coordinates. Like the adjoint representations of En, the 
elements of the h representation can be organised according to the notion of a level [18]. 
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The decomposition which leads to the d dimensional theory, is found by deleting node d 
in the En Dynkin diagram and at the lowest level the resulting algebra is GL(d) x En-d- 
We recognise the GL(d) algebra as that associated with gravity in d dimensions [19,10] 
and En-d as the U duality group in d dimensions. How one finds the d dimensional theory 
is discussed in detail, for example, in [12-15]. The generalised coordinates that arise from 
the l\ representation at the lowest level are the usual coordinates of space-time as well as 
coordinates which are scalars under the Lorentz group but transform as the 10, 16, 27, 56 
and 248© 1 of SL(5), SO(5,5), Eq. Ej and E% for d equal to seven, six, five, four and three 
dimensions respectively [20,21,13,22]. In fact one can find all the generalised coordinates 
that are forms, that is, carry completely anti-symmetrised space-time indices. This result 
for the generators of the l\ representation, appropriate to d dimensions, are given in the 
table below [20,21,22] 

The form charges in the li representation in d dimensions 



D 


G 


Z 


Z a 




^7di...a 3 


...04 


2?a 1 ...a 5 


^-ai...a 6 


^•ai...a 7 


8 


SL(3) <g> SL(2) 


(3,2) 


(3,1) 


(1,2) 


(3,1) 


(3,2) 


(1,3) 
(8,1) 
(1,1) 


(3,2) 
(6,2) 


(6,1) 
(18,1) 
(3,1) 
(6,1) 
(3,3) 
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SL(5) 


10 


5 


5 


10 


24 
1 


40 
15 
10 


70 
50 
45 
5 
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50(5,5) 


16 


10 


16 


45 
1 


144 
16 


320 
126 
120 
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27 


27 


78 
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351 
27 


1728 
351 
27 








4 


E 7 


56 


133 
1 


912 
56 


8645 
1539 
133 
1 
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Eg 


248 
1 


3875 
248 
1 


147250 
30380 
3875 
248 
1 













The corresponding coordinates can be easily read off and they carry the contragredient 
representations to that of the generators. One sees in the first column the scalar coordinates 
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mentioned above. The generalised tangent space structure that is inherited from the 
coordinates is easily read off from the table in an obvious way. 

One can view the generalised coordinates from a more physical viewpoint. The l\ 
representation can be thought of as containing all the brane charges and so there is a one 
to one correspondence between the coordinates of the generalised space-time and the brane 
charges [16,18,23,22,20]. As such one can think of each coordinate as associated with a 
given type of brane probe. Furthermore for every generator in the Borel subalgebra of En 
there is a corresponding element in the l± representation [18], and as a result for every 
field in the non-linear realisation one finds a corresponding coordinate. For example, in 
eleven dimensions at lowest level one has the usual field of gravity h a b associated with 
which one has the usual coordinate x a of space-time, at the level one we find the three 
form field A aia2a3 with associated coordinate x aia2 , at level two we have the six form 
field A ai ... a6 with the associated coordinate x ai ___ as , at level three the dual field of gravity 
h ai ...a 8 ,b with a corresponding coordinate x ai ... a7 ,b and similarly at higher levels [16]. One 
can think of this as generalisation of the notion of space-time introduced by Einstein that 
takes into account the presence of fields, required by supersymmetry, in addition to the 
metric. The precise correspondence, for the four dimensional theory, between the fields 
and the coordinates can be found later in this paper. 

Although quite a number of the predictions of En have been verified, see for example 
[13,17] for an account, the radically new nature of the generalised space-time has, until 
relatively recently, discouraged the systematic calculation of the E\\ ® s l\ non-linear real- 
isation. In the early papers on E\\ only the coordinate x a was used and the symmetries 
of the non-linear realisation were only implemented at lowest levels. This particularly, 
applies to the local subalgebra which plays an important part in the non-linear realisa- 
tion. The local subalgebra is taken to be the Cartan involution invariant subalgera and 
it was usually taken to be just that at the lowest level which, in eleven dimensions, is 
just the Lorentz algebra. As a result much of the power of the non-linear realisation was 
lost. Nonetheless many of the features of the supergravity theories were recovered. With 
retrospect one can view the early attempts to construct the dynamics, see for example 
[10,11], as using the En cg> s l\ non-linear realisation but only keeping the lowest level l\ 
generators, which, in eleven dimensions, are just the usual space-time translations and so 
only the usual coordinates of space-time. 

One of the first papers to use some of the higher level generalised coordinates is given 
in reference [13] which was used to construct all gauged supergravities in five dimensions 
[13], a result not previously known. In this construction some of the generalised coordi- 
nates and their corresponding components of the generalised vielbein played an important 
role. However, the remaining coordinates of the l\ representations were discarded and the 
generalised space-time that remained was a slice taken in the l\ representations and En- 
The techniques used in this paper could easily be applied to find all gauged supergravities 
in all dimensions. 

The construction of the En ® s h non-linear realisation at lowest level in four di- 
mensions was carried out in reference [24, 25]. This contained the usual coordinates of 
space-time and Lorentz scalar coordinates which belonged to the 56-dimensional represen- 
tation of Ej, mentioned above, that is the content of the h representations at lowest level. 
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It also took the fields in the Zi representation at lowest level that is the metric and the 
scalar fields. Much of these papers were devoted to the part of the theory that lives on the 
56-dimensional space. In contrast to the equation of motion approach pursued in most En 
papers, this paper constructed an invariant Lagrangian. This Lagrangian was not uniquely 
determined by the symmetries of the non-linear realisation, which were taken to be those 
at lowest level, and it contained several undetermined constants. However, it was realised 
in the papers of reference [24,25] that if one restricted the dependence of the fields to be 
only on the usual coordinates of space-time then, for a suitable choice of the constants, the 
action was gauge and general coordinate invariant. More recently, the En ® s l\ non-linear 
realisations, at lowest level, in the l\ representation and in En, and also discarding the 
fields and coordinates of the usual space-time, were constructed in dimensions four to seven 
and corresponding Lagrangians were constructed [26] . These Lagrangians in six and seven 
dimensions had previously been constructed [27] using the coordinates introduced into the 
first quantised dynamics with the aim of encoding duality symmetries [28]. However, it 
was apparent [26] that these were just the result of the non-linear realisation of En <8 S h 
at lowest level which was then further truncated in the way just mentioned. 

One of the first papers to compute the En ® s h non-linear realisation at higher levels 
and also keeping some of the higher level symmetries was contained in references [29,30] 
which computed the ten dimensional II A theory. It kept the En fields at levels zero and 
one which contained the fields of the NS-NS and R-R sectors of the IIA string respectively, 
with the coordinates of the l\ representation at level zero. The latter consisted of the usual 
coordinates of ten dimensional space-time as well as coordinates which were all forms of 
odd rank. Considering quantities that were first order in the derivatives of the generalised 
space-time it was shown that there existed only two covariant objects, both of which were 
uniquely determined and transformed into themselves. Setting one of these to zero resulted 
in a set of equations of motion which were those of type IIA supergravity when the fields 
were taken to depend only on the usual coordinates of ten dimensional space-time. The 
way the results in these papers was phrased were a bit different but it is equivalent to the 
statement just made. 

Very recently the non-linear realisation of En ®s h in eleven dimensions was con- 
structed keeping the fields of gravity, three form, six form and dual gravity fields and the 
usual coordinates of space-time as well as the two form and five form coordinates [31]. In 
other words, this calculation kept the coordinates of the h representation and En up to 
and including levels two and three respectively. As a result one could impose the higher 
level symmetries contained in the En ®s h non-linear realisation and, in particular, the 
local symmetries. As in ten dimensions we considered quantities that were first order in 
the derivatives of the generalised space-time and again found that there existed only two 
such covariant objects both of which were unique and transformed into themselves. Setting 
one of them to zero resulted in a set of equations of motion, the first of which correctly 
described the equation of motion for the three form and six form fields when the depen- 
dence on the higher level coordinates and fields beyond the dual graviton were discarded. 
The second equation in this set described the equation of motion relating the usual field 
of gravity and the dual gravity field. This equation was very close to being correct and 
one source of the discrepancy may be accounted for by missing contributions from higher 
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order fields which were omitted. We note that should one succeed in finding an equation 
that correctly describes gravity then the En conjecture would be confirmed, that is, the 
non-linear realisation of En ® s li is an extension of the maximal supergravity theories. In 
this event one would have to take seriously the generalised space-time associated with the 
Zi representation. 

In this paper we will carry out a similar calculation but in four dimensions. That is 
we will carry out the En ® s li non-linear realisation in the decomposition that leads to the 
four-dimensional theory. We will keep the fields in the l\ representation up to level four, 
that is we include the fields of gravity, scalars, one forms, two forms and the dual field of 
gravity. From the l\ representation we will take the usual coordinates of space-time and 
the Lorentz scalar coordinates that transform in the 56-dimensional representations of £7, 
that is we only keep the level zero part of the l\ representation. However, we will do the 
calculation in such a way that we will impose some of the crucial higher level symmetries 
of the non-linear realisation. The En ® s h algebra for the eleven dimensional theory 
is relatively simple and well studied up to the required levels however, the complicated 
index structure of the fields means that the calculation of the equations of motion and 
the verification of their invariance, given in [31], is rather intricate. Although the four 
dimensional theory has more fields compared to the eleven dimensional theory they have 
a much simple index structure. Hence although it is much more complicated to find the 
En ®s h algebra for the required decomposition, the calculation of the equations of motion 
is much simpler. To find the four dimensional theory one must decompose En and the h 
representations into representations of GL(4)®E-j. While this is relatively straightforward, 
in order to correctly implement even the lowest order local subalgebra of the non-linear 
realisation one must then further decompose into representations of SO(l,3) ® SU(8). 
This complicated calculation takes up much of this paper, however, there are many checks 
one can carry out to verify that the results found are correct. One further advantage of 
four dimensions is that the usual gravity field and the dual gravity field, and their related 
coordinates, have similar index structures. As such one is hopefully in a better position to 
resolve the problems associated with the dual gravity field. 

We will consider how objects that are first order in derivatives with respect to the 
generalised space-time transform under the symmetries of the non-linear realisation. We 
will show that there are two sets of objects that transform into themselves and are uniquely 
specified by the symmetries. Each set contains an infinite number of objects and setting 
one set to zero leads at the lowest level to the correct equations of motion for the scalars 
and gauge fields provided we take the fields to only depend on the coordinates of the usual 
four dimensional space-time. We will also give some preliminary results on the higher level 
fields. 

None of the papers mentioned above gives a satisfactory account of how the familiar 
space-time we are used to emerges naturally from the generalised space-time, or put another 
way, how does one discard most of the coordinates of the li representation to find the 
theories we are familiar with. This dilemma is considered further in the discussion section. 

Before concluding the introduction we will make a few remarks on the relation of the 
En programme to other approaches. We begin by contrasting the usual view of M theory 
with the En conjecture. It is often stated that all the different string theories are different 
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aspects of an eleven dimensional theory, called M theory. Of course we do not know much 
about M theory so the meaning of this statement is not clear. In contrast all the maximal 
supergravity theories can be obtained from the -En ® s ^1 non-linear realisation by taking 
different decompositions. As such from the En viewpoint all the different theories are 
on an equal footing and indeed are dual to each other, being different descriptions of the 
same underlying theory, and indeed no space-time dimension is preferred. The mapping 
between the different theories is for example discussed in reference [23]. 

Subsequent to the 2003 proposal of reference [16] a number of other approaches involv- 
ing some kind of generalised geometry have been considered. The most popular is called 
doubled geometry, see [32] and references therein. This approach was inspired by earlier 
papers that considered in addition to the usual coordinate of space-time x a the coordinate 
y a and constructed an 0(10,10), T duality, invariant ten dimensional theory. This theory 
had the same fields as the NS-NS sector of the superstring but they depended on both of 
the just mentioned coordinates. However, the result was none other than the En ® s l\ 
non-linear realisation suitable for the IIA theory at lowest level [29]. The advantage of 
viewing it this way is that it is part of a much large conceptual framework where all the 
symmetries are automatically encoded. Indeed the non-linear realisation of En (g> s ^i at 
level one leads to the inclusion of the R-R sector fields [30]. The level zero and one cal- 
culations of the non-linear realisation appropriate for the IIA theory are very simple and 
can be performed in a few pages without the need for any guess work. The one point 
contained in the literature on doubled field theory which does not follow from the En ® s h 
non-linear realisation is how to discard the y a coordinates. Rather than just discard them 
as in references [25,26] they adopt what is called a section condition, however, in practice 
it seems there is not so much difference. 

There is yet another approach inspired by the work of references [33] and [34]. This 
introduced an extended tangent space, associated with 0(D,D) but does not extend our 
usual notion of space-time, see for example [35] and references therein. In this approach 
one does not try to find additional symmetries, but rather packages the theory up into a 
generalised geometry. In ten dimensions the tangent space is essentially doubled compared 
to that taken conventionally, however this is precisely the same tangent space as arises in 
the non-linear realisation of En ®s h appropriate to ten dimensions at lowest level [29,30]. 
While in lower dimensions the tangent spaces and tangent groups are just those contained 
in the En ®s h non-linear realisation at lowest level [20,21,13,22]. While there has not 
been a detailed study to investigate the connection to the non-linear realisation of En ®s h 
it would seem inevitable that it is just the non-linear realisation of En ®s h with the l\ 
part taken to be just the usual coordinates of space-time and the En part up to the level 
that incorporates all the usual supergravity fields. Thus, while the works of reference [35] 
try to generalise Einstein geometry taking into account global considerations, the required 
structures are very likely to be automatically encoded in the En®sh non-linear realisation. 

2 The En algebra and l\ representation viewed from four dimensions 

In this section we will formulate the En algebra and the l\ representation in such a 
way that their non-linear realisation leads to a theory in four dimensions. We will begin by 
finding their decompositions in terms of representations of GL{A)®E-j rather than the more 
common SL(ll) decomposition which leads to the eleven dimensional theory. An important 
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role in the construction of the non-linear realisation, that is the dynamics, is played by 
the Cartan involution invariant subalgebra of En, denoted I c (En). At lowest level this 
is just the subalgebra 50(1,3) ® 577(8). The 577(8) factor is just the Cartan involution 
invariant subgroup of £7 while 50(1,3) is the Cartan involution invariant subalgebra of 
SL(4); these are the same as the respective maximal compact subgroup for the real forms 
of £7 and As with which we are working. As such we need a formulation of En and the l\ 
representation in which the subalgebra I c (En) is apparent and in particular the subalgebra 
50(1,3) <8> 577(8). While it is obvious how representations of SL(4) can be rewritten in 
terms of S0(l,3) this is not quite so clear for the SU(8) hidden within £7. This problem 
has been well studied in the mathematics literature and an account for physicists can be 
found in appendix B of reference [2]. As explained in this reference the best way to find 
this SU(8) subalgebra of £7 is to first identify the more obvious SL(8) subgroup of £7 and 
then decompose the adjoint representations of £7 in terms of representations of this SL(8). 
The desired SU(8) subalgebra, and the decomposition of the adjoint representation of £7 
into representations of it, can then be constructed. We note that the SL(8) and SU(8) 
have in common their obvious SO (8) subgroups, but they are not different real forms of 
the same subalgebra of £7 when viewed in its complex form. 

For the calculations in this paper we must generalise this results to find, at low levels, 
the Cartan involution subalgebra of En, that is I c (En), and then decompose En, and 
its h representations, into representations of I c (En)- This is the task of section two. At 
lowest level this was carried out in reference [26], that is, the SU(8) contained within En 
was identified and the £7 and 56-dimensional representation in l\ were decomposed in 
terms of this SU(8). 

2.1 The GL{4) ® E7 decomposition of the En algebra and the l\ representa- 
tion 

To find the four-dimensional theory from the non-linear realisation of En ®s h we 
delete the fourth node in the En Dynkin diagram, see figure 2.1, and consider the decom- 
position of Eii<S> 8 h into representations of the subalgebra that results, that is, GX(4)®£ 7 . 

• 11 

• — • — • — <g> — • — • — • — • — • — • 

12345678 9 10 

Figure 2.1: The En Dynkin diagram from the viewpoint of the four-dimensional 
theory. 

The GL(4) factor, whose generators we denote by K a b, a,b = 1, ... ,4 leads in the 
non-linear realisation to the familiar field used to describe gravity and the £7, whose 
generator we denote by R a , is the well known symmetry group in four dimensions whose 
corresponding fields in the non-linear realisation are the seventy scalars. 

The representations that occur in this decomposition can be classified according to a 
level. In this case the level is just the number of upper minus lower GL(4) indices that the 
generator possess. Thus the level zero En generators are just GL{4) ® £7. The interested 
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reader can find a more formal account of the level in earlier En papers and in the book 
[17]. Ordered by their level the decomposition of En into representations of GL{4) ® E 7 
is given by 

K a b (15,l,0), R a (l, 133,0); R aN (4, 56, 1); iT ia2Q (6, 133, 2), 

£ o6 (10,l,2); J R aia2a3A (4,912,3), iT ia2 ' 6JV (20, 56, 3); . . . (2.1.1) 

where . . . indicate generators at level four and above. The first two figures in the brackets 
indicate the dimensions of the SL(4) and £7 representations respectively, while the last 
figure is the level. We have not displayed the negative level generators, except for those at 
level zero, however, they have the same index structure except that their indices are now 
subscripts. The GL(4) indices are given as a, b, a±, 0,2, ■ ■ ■■ The indices on the generators 
fta ia2 a> anc | fta ia2 a 3 \ are totally anti-symmetrised. The generator K ab is subject to the 
condition K ab = K^ ab) and the generator R a ^ a ^ bN satisfies Rl^M* = 

As explained later, in the non-linear realisation there is a one to one correspondence 
between the fields that arise and the generators of the Borel subalgebra, that is those of 
level zero and positive level. The GL(4) ® £7 indices on the fields are inherited from 
those on these generators, for example R aN A aN . As such, the generators with com- 
pletely anti-symmetrised indices, the so called form generators, lead to the gauge fields 
A a N, A aia2QL , A aia2a3 \. One expects, in the resulting dynamics, that the first gauge fields 
will satisfy some kind of self-duality condition, the second gauge fields are dual to the 
scalars and the third lead to a cosmological constant and so classify the gauged super- 
gravities [12,36]. As we have mentioned the usual field h a b of gravity corresponds to the 
generator K a b while the generator K ab leads to the dual gravity field, denoted by h a b- In 
this paper we will be only concerned with the generators up to, and including, level two. 

We also decompose the l\ representation into representations of GL(4) ® E7. Listed 
according to their level the results is 

P a (4, 1, 0), Z N (1, 56, 1), Z aa (4, 133, 2), Z a (4, 1, 2), Z a ^ N (6, 56, 3), 

Z (aiaa)7V (10, 56, 3), Z aiaaA (6, 912, 3), (2.1.2) 

where . . . denoted objects at level four and above. In the non-linear realisation these lead 
to the generalised space-time which has the corresponding coordinates 

x , xn , x aa , x a , x aiCL2 ]\j , X( aia2 *j]\[ , x aiCL2 \, (2.1.3) 

We note that for the four dimensional theory, the gravity and dual gravity fields and 
usual coordinates x a and dual gravity coordinates x a appear on a much more symmetrical 
footing than in other dimensions. 

One can find the generators of equation (2.1.1) and (2.1.2) by simply " dimensionally 
reducing" to four dimensions the En algebra, and the l\ representation when written in 
their eleven dimensional formulations. From the group theoretic view point this is equiv- 
alent to decomposing the SL(ll) formulation of the En algebra and the li representation 
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into representations of GL{4) <8> SL(7). The SL(ll) in question is the algebra that re- 
sult from deleting node eleven in the En Dynkin diagram of figure 2.1 and so its Dynkin 
diagram consists of nodes one to ten. We recall that the GL(4) <g> Ey subalgebra arose 
from deleting node four in the Dynkin diagram of figure 2.1 and the the SL(4) and SL(7) 
subalgebras correspond to the Dynkin diagrams which consist of nodes one to three and 
nodes five to ten respectively. Having found the decomposition into GL{4) <g> SL(7) repre- 
sentations we can then repackage the SL(7) representations into those of Ej. The eleven 
dimensional, or SL(ll), formulation of the En algebra is well known, and when listed 
according to the appropriate level, it contains the positive level generators [10,37] 

K a h (0),R &1&2&3 (l),i2 &1 - aa (2),R &1 - &8 '' b (3), 

^oi... 09,616263 ^ ^01. ..on, 6 ^ ^01... 010,(6162) ^ ^ 1 4) 

where d, 6=1, ...,11. In this equation . . . denotes generators at level five and higher. The 
generators obey irreducibility conditions such as Rl a ^--- a sM = 0, . . .. The numbers in the 
brackets indicate the level appropriate to the SL(ll) decomposition. This level arises from 
deleting node eleven and it is different to the level discussed above that is associated with 
deleting node four. The eleven dimensional level can be thought of as just the number of 
up minus down eleven dimensional indices divided by three. 

The Zi representation, listed according to increasing level, contains [16,18,20] 

Pa (0), Z a ^ (1), Z' ai -^ (2), Z ai - ar ' b (3), Z ai - a * (3), 

^■616263, 01. ..a 8 ^ ^(cd),a 1 ...a g ^ ^cd,a 1 ...a g ^ gc,a^...a 10 ^ g ^ 
2'c,d 1 ...d4,a 1 ...a$ g&i ...&e ,&i . . .as ^c 1 ...c 5 ,d 1 ...dg 

z d 1 ,c 1 c 2 C3,ai---&io (g) ? Z ci...c 4 ,oi...aio (5 ; _2), z^ 1 ^' 6 ^ (5), Z 6 ' &1&2 (5), ... (2.1.5) 

These generators satisfy irreducibility conditions such as Z^ ai '" ar,b ' = 0, . . .. 

To carry out the decomposition from representations of SL(ll) into those of GL(4) ® 
SL(7) we divide the values of the indices d, 6, . . . into the ranges, one to four and the 
remainder, that is, five to eleven, which we denote by the labels a and i respectively. 
Carrying this out for the l\ representation given in equation (2.1.5) we find that 

P a ; Z ill \Z ll - l5 ,Z ll - i7 ' J ; Z a \ Z ail - l \ . . . (2.1.6) 

We have placed a dot on the resulting objects as we will use the symbols Z 1112 etc for 
a later purpose. We now have to assemble these into representations of GL(4) <S> E7. 
Those of GL(4) are the same, but we must assemble the representations of SL(7) into 
those of £7. For example, between the first semi-colon and the second, we recognise the 
56 = 7 + 21 + 21 + 7-dimensional representation of £7 contained in the Z N of equation 
(2.1.2). 
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Proceeding in a similar way we can decompose the generators of the En algebra of 
equation (2.1.4) into representations of SL(7) to find 

ir^i^i? 1112 ^^,^ : ... (2.1.7) 

The first generators before the first semicolon are those of the 15 + 1-dimensional repre- 
sentation of GL(4). The generators between the next semicolons are those of the adjoint 
representations of E-j corresponding to the decomposition 133 = 48 + 1 + 35 + 35 + 7 + 7 and 
those after the next semicolon belong to the 56 = 7+21 + 21 + 7-dimensional representation 
of E 7 ; thus we find agreement with equation (2.1.1). 

2.2 The SL(8) Formulation for the En algebra and l\ representation 

As we have explained at the beginning of section two an important role in the construc- 
tion of the non-linear realisation is played by the Cartan involution invariant subalgebra 
of En which at lowest level is the subalgebra £0(1, 3) <g> SU(8). To locate this algebra we 
first identify the SL(8) subgroup of Ey whose generators we denote by K 1 j, /, J = 1, . . . , 8. 
The obvious SL(7) subgroup of SL(8) is the SL(7) subgroup discussed in the last section. 
In terms of the generators of equation (2.1.7) the generators of SL(8) are given by [26] 

K* - = K'j -\5)Y,K ] \, i,j = l,...,7 

k 

K 8 j = !'.,,;...;,/>"•- /v's = (2.2.1) 

where 

K i j = K i j -±5 i j J2K a a (2-2.2) 

a 

On the right hand side of these equations the symbols K l j,R l1 "' 16 and Ri 1 —i 6 are those 
found by the decomposition given in equation (2.1.7) and should not be confused with the 
K % j on the left hand side of equation (2.2.1) which are part of the SL(8) generators. It is 
straightforward to verify, using the En algebra given in appendix A, that they do indeed 
satisfy the SL(8) algebra, that is, 

[K 1 j, K L M ] = Sj^m - 5mK L j (2.2.3) 

Since we are dealing with SL(8) the generators are traceless and so K 8 8 = — Yll=i K 1 1 

The remaining generators of Ej belong to the seventy-dimensional representation of 
SL(8) and are contained in the generator R 1 !- 1 * whose indices are totally antisymmetric. 
In terms of the decomposed generators of equation (2.1.7) these are given by 

R iii 2 i 3 8 = _ R iii2i 3 R ii...U = _J_ e ii-Ujij2j3 R (2.2.4) 
12 12.3! 313333 

The commutators of these generators with those of SL(8) are given by 

[K 1 j, R Ll - L4 } = 4S^r\i\L2-l 4 ] _ l _ b i jR L x -L± ( 2 2 5 ) 
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while the remaining £7 commutators are given by 

[R Jl '" 14 R Jl '" Ji \ = —-{e Jl "' j4L ^ Il "' l3 K l4 ^L — e I ^'" I ± L \ J ^'" J 3 K J ^\ L } 

8 

4 

In deriving the last relation we have used the identity 

e Ji---J4L[ii---i3 gi4] L _|_ e i\---i^\J\---Jz S j ^l = — e J i--- J ± I i-" I ± S N n (2 2 7) 

N 

valid for any object S 1 j. This identity is easily proved by taking values for the indices. 

Proceeding in a similar way one finds that the positive level generators of the En 
algebra, when written in terms of GL(4) cg> SL(8) representations, take the form 

K I j(l,63),R h -- J Hl,70),K\(16A) ] R ahI H4,28),R a Ill2 (4,28); 

R aia2l j(6, 63),R aia2h - l4 (6, 70), K ab (10, 1), . . . (2.2.8) 

The two numbers in brackets give the dimensions of their SL(4) and SL(8) representations 
respectively. The negative definite level generators are given by 

R ahh (4, 28),R a hI *(4, 28); R aia2 T j(6, 63), R aia2 h - l4 (6, 70), £ a6 (10, 1), . . . (2.2.9) 

The level one generators of equation (2.2.8) are identified with the underlying En 
algebra of equation (2.1.7) as follows 

2 

R a m 2 = -^e ili2jl ... i5 R a ^, R a i8 = ~K\ (2.2.10) 
while for the level minus one generators the identification is given by 

p p p 2 j 1 ...j 7 p 

r ^ai\i2 JrL aiii2i - rt aj'8 yj t Jr ^aii...ij,j 

R ani2 = il,r ..,r, Ra l8 = K\ (2.2.11) 

Using the above identifications and the E\\ commutators given in appendix A one can 
deduce that the commutators of the E\\ algebra when written in terms of the GL(4)®SL(8) 
decomposition, that is, as given in equations (2.2.8) and (2.2.9). The commutators with 
the SL(8) generators of E 7 are given by 

(2.2.12) 



12 



together with analogous result for the other generators. The commutators with the R 1 *-— 1 * 
generators of E 7 are 

[R h - U , R aJlJ2 ] = ^e h - hJlJ2KlK2 R a KlK2 [R h - I \R a Jl j 2 ] = 8 [ ^j 2 2 R al31 ^ 
[R Il - I *,R? iaaJ K ] = -45 [ K ll R aia2Jll2hl4] + }-5 J K R aia2h - 14 , 

[R Il --- l4 ,R aia2 J K ] = 4:S^R aia2 j\ l2l3l4 ] - 2^-Roia 2 /i.../ 4 5 
[p^i-i paia 2 J1...J4]] _ ^ r 1 !- - UL\Ji Ji J3I 0^102! J4I Ji ■ ■■JaL[I 1 I 2 I s I pai«2 II4] 

' J 36 36 

[ J R / - /4 , J R aia2Jl ... j4] ] = _^[^;/j 3j R aia / 4 ] j4] (2.2.13) 
The commutators of the level one generators with themselves are given by 

[R ahh , R bhh ] = -12R abl1 " 14 , [R aIll2 ,R b JlJ2 ] = +4S l [ I J 1 i R lab \ l2 j 2] + 28 I J \\k ab 

[Ri^Rj^I = ^hi 2 J 1 J 2 K 1 ...K,R aia2Kl - K4 = 12^R^ a2 Ill2JlJ2 (2.2.14) 

where ^-R aia2 / 1 .../ 4 = ^ e^...^ j 1 ...j 4 R aia2 Jl --- Ji . While the equivalent commutators for the 
level minus one generators with themselves are given by 

[Rahhi RbJ 1 J 2 ] = ~~ 12 ★ R a bI 1 I 2 J 1 J 2 , [Rahh, Rb' JlJ2 ] = +^8^ Rab^ I 2 ] + ^ill 2 & ab 

[R I a ll2 ,R h JlJ2 ] = 12R ab hl2JlJ2 (2.2.15) 
The commutators between the level one and minus one generators are given by 



4 

[R ahI \ R bJl j 2 ] = ^]Kl + ^btfjK^M ~ S^/X £ K\ 

c=l 

[R ahh^ b .hJ 2] = -i28tR IlIM ^ [R a h i 2 ,Rb JlJ2 ] = 126g*R Ill2JlJ2 

4 

[R a h i 2 ,R b JlJ2 ] = -28jl{ 2 K\ + A8t5 [ ^K j2 \ 2] + £ ^ ( 2 - 2 - 16 ) 

c=l 

Finally we list the commutators between the level two and minus one generators. 
[R abI j,R cKl K 2 ] = -46\?5l Kil RV JlK2] + I^S'jR^k^, 

[R abI J ,R c K ^ K2 }=^8 [ J Kl] R b ^ - -8^8^^ 
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[k a \R cJlJ2 ] = -5WRWj lJa , [K ab ,R c J ^] = -6MrM j * j * (2.2.17) 
and the level minus two and one generators 



[Rab 1 J, R C K 1 K 2 ] = 4:6[ a \6f Kl \R b ]\j\ K2 ] - ^Sf a \8jR\ b ] Kl K 2 

[Ra b h - h ,R c Kl K 2 ] = 25f al 8 [ i%R lb] W 
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[ Rj^^R^^} = -e^-^x^S^R^j, 

[k ab ,R c JlJ2 ] = -6f al R lb]JlJ2 , [k ab ,R cJ ^] = S c [a] R {b] J ^ (2.2.18) 

The identification with the level two generators given in equation (2.2.8) in the eleven 
dimensional formulation of En is given by 

9 5 l - 

r>aia 2 i -r>a\a 2 i rta\a 2 i ~t>a.\a 2 l\ ...Iq,i _ J r r>aia 2 li...l@,l 7 

8 — ) j — Qi t jh—l6 JX 2 6! 

r>a 1 a 2 8 T>a\a 2 l\...lj T>a,\a 2 i\...ii l , _ ' Tta\a 2 i\...i^ 

11 j — 7j fc 2i...Z 7 - rL ,j , -n, — 23 ' 

j^a 1 a 2 i 1 i 2 i 3 8 _ l jgixa 2 l\ . . -h ,i\i 2 i2, j^ab _ ^ j^(a\h...l 7 ,\b) ^ 2 19) 

The constants d\ and are yet to be fixed but they are not needed for the derivation of 
the above commutators. We note that R aia28 8 = ~Y^k R aia2k k 

We now write the l\ representation in terms of SL(8) representations using similar 
techniques. In terms of these representations equation (2.12) can be written as 

P (4, 1); Z IJ (1, 28),Z U (1, 28), . . . (2.2.20) 

The identification with the SL(7) representations of equation (2.1.7) is given by 

yij — yij yjS _ \ . <yii---i 7 ,j 

Zi x i 2 = —ei 1 i 2 j 1 ...j 5 Z^ 1 Jj , Zis = Pi (2.2.21) 

Using these identifications and the commutators of appendix A we find the commutation 
relations with the generators of E-j are given by 

[R h-i, iZ J ^} = ^-^^Zk^, [R^^Zj^] = S [ j[f 2 ZW 
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[K T j, Z LlL2 ] = Sj'Z 11 " 2 - Sj 2 Z ILl - -<^Z LlL2 , [K 1 j, P a ] = 

[K T j, Z LlL2 ] = -S T Ll Zj L2 + Si 2 Z JLl + ^SjZ LlL2 (2.2.22) 
Their commutators with the level one En generators are given by 

[R ahh ,P b ] = 6 a b Z hl2 , [R a hl2 ,P b ] = 5 a b Z hl2 (2.2.23) 
and with those at level minus one by 

[Rahl 2 , Z JlJ2 ] = 2Sj 1 i I j 2 P a , [Rahh > Zji J 2 ] = 0' [Rahl 2 > Pa] = 

[R a hl2 , Z J ^ 2 ] = 0, [R a hl2 ,Z JlJ2 ] = -26£gP a , [R a Ill2 ,P a ] = (2.2.24) 

2.3 The Cartan involution invariant subalgebra of En in four dimensions 

In the last section we found the En algebra and the l\ representations in terms of 
GL(4) (g) SL(8) representations. We now use this result to find the Cartan involution 
invariant subalgebra of En denoted I c (En). A discussion of the Cartan involution can 
be found in earlier papers on En or in the book [17]. The first step is to find the Cartan 
involutions invariant subalgebra of E7. In terms of the SL(8) formulation of the En algebra 
of equation (2.2.8), the Cartan involution, denoted by I c {1 2 C = I), acts on the level zero 
generators as 

I c (K T j) = -K J u I c (R h - u ) = --kR h - u = _}_ e h...UJi..M R Ji...JA^ (2.3.1) 

on the level one generators as 

I c (R aI « l2 ) = -R ahl2 , I c {R a i^) = Ra hh (2.3.2) 
and on the level two generators as 

I c (R a ^ a2l j) = -R aia2 J !, I c (R a ^ a2h - h ) = *J2 0iaa /l "- / * J UK ab ) = -~K ah (2.3.3) 

One way to find these results is to use the identifications with the generators of the 
eleven dimensional theory, given in the previous section, and the known action of the 
Cartan involution on the generators. In particular, we have that 

I c (K & h ) = -K\, I C (R^ 3 ) = ~Ra ia2 a 3 , 

I C (R^) = iV..a 6 , UR^-^) = -R &1 .. Ma ; b 

The positive sign in the third equation may seem incongruous, but it depends how one 
defines the generator Ra 1 ...a 6 and the original papers made an unforutnate choice that we 
are now stuck with. For example, using equation (2.2.11) we find that 

I c (R a ^ 2 ) = I c (R a ^ 2 ) = -R aili2 = -R aili2 (2.3.4) 
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or, using equation (2.2.4), we find that 

1 1 1 

*c\ lx > 12 12 12213 ~~ 4! I l*2*3jl---J4"' 1 ' ~~ * lh 

At level zero the Cartan involution invariant subalgebra contains the generators 

J 1 j = K 1 j - K J V, and S h - U = R h - h - *R h ~ h (2.3.5) 
as well as the four dimensional Lorentz generators 

J a b = K\ - K\ (2.3.6) 
We note that * < S ,/l - i4 = —S Ii -" Ia . The generators of equation (2.3.5) obey the algebra 

;.s' /; - /; ..s'./,..../ ; : = (h^;::: / / : ! -/ /; ./ i + l^-^^j^ L (2.3.7) 

as well as the commutation relations with J 1 j, which generate SO(8), and act on other 
generators in the expected way, for example 

[J 1 j, S K i~ K *\ = tef'RWx***^ - 4d [ j Kl R^ K2K ^ (2.3.8) 

These commutators of equation (2.3.7) and (2.3.8) are those of SU(8). This is to be 
expected as SU(8) is well known to be the Cartan involution invariant subalgebra of £7. 
At level plus and minus one the invariant generators are given by 

S a h i 2 = Rah i 2 _ x ahl2 5 and s a hl2 = R a hl2 + R a hh (2.3.9) 

These 56 generators must transforms as the 28 + 28-dimensional representations of SU(8). 
However, the above generators mix under the SU(8) commutators and the combinations 
that transform independently, that is, irreducibly, are given by 

gahh = gahh ± iS a hh (2.3.10) 

Indeed we find that 

[S h - h , Sl JlJ2 } = T^ h '" hJlJ2KlK2 Sl Kl K 2 ± i$ [ ^jlSl W (2.3.11) 
The Cartan involution invariant generators at level plus and minus two are 

S aiaaI j = R^ 1 j-R aia2 J j, S«i*2li-U = i? a 1 a 2 / 1 .../ 4+7t ^ aia2 /i-/4 ) gab = K ab -K ab 

(2.3.12) 

We note that S aia2K k = 0, but otherwise this object has no particular symmetry. Simi- 
larly, unlike S Tl '" /4 , which is anti-self dual S aia * Il '" lA is neither self-dual or anti-self dual. 
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Their commutators with the SO(8) generators is as one expects and those with the re- 
maining SU(8) generators are given by 

^gll-.-U S aia2j K ^ — _ 28^ 1 \ g aia2 J\l2hl4] _ 2,5[ Jl lgaia2if 1/2/3/4] _|_ _^J^ga 1 a 2 I 1 I 2 hh] 

j-^>/i.../ 4 ga±a 2 J ^ _ _ 2£^ 1 lg a l a 2 JI/2W4] _|_ S aia2K \ l2l 3li\ 
tch-.-h o a i a 2 J1...J4I _ ^ AJ\J2J'i\ ca 1 a 2 I J 4 ] 1 ^ „/i ...I±L\J\ J 2 J 3 | e a i a 2 I J4] 

\P J - 3 [/i/ 2 /3 /4] 18 s L 

gaia 2 Ji...J 4 j _ ^^[^i^2«/3|^aia 2 | J 4 ] ^ ^ _| ;J_ £ /i • • .I±L\Jx J2 ^3 I g«l "2 | J4] ^ ^2 3 13) 

3 [123 \8 

where 

nabl ^LfQQ'bl 1 cabj \ nabl ^L(Q a ^^ oabj \ 

s J 2 ^ ^ 1 ) i a J ^ 1 ) i 

gab/1/2/3/4 — gabI 1 I 2 I 3 I 4 _j_ ^gabI 1 I 2 I 3 I 4 ^ 3 14) 

We can interpret these equations as meaning that S+ a2jl --- j4 anc [ Sg lCL2j k form the 35 + 
35 = 70-dimensional representations of SU(8) while S^_ ia2jl - J4 and S^ a2j K form the 
35 + 28 = 63-dimensional representations of SU(8).We recall that these generators belong 
to the 133-dimensional representation of In fact the last term on the right-hand side of 
the last commutator in equation (2.3.13) is zero as L = J4 and the object is antisymmetric. 

The commutators of the Cartan involution invariant generators of equation (2.3.10) 
must give those of equations (2.3.5) and (2.3.12) and using the commutators of section 
(2.2) we find that 

[S^ 1 * , S b ± JlJ2 } = -12Sf hl2JlJ2 ±8i5 [ [ j 1 i S% bl2 ^ j2] 

[Sf /2 ,Sj JlJ2 ] = -12Sl bhl2JlJ2 - 8S b j[j\J l2 \ j2] - 46^%^;, 

T m [ *j\Sf l2 \ h] =f 4i8 I J 1 i I j 2 S ab ± 24iS b S Ill2JlJ2 (2.3.15) 

While the commutators of the generators of equation (2.3.10) and those of equation 
(2.3.12), but keeping only those generators of levels plus and minus one, are given by 

[S^ l2 ,S b / 2j K ] = T^5^s\ b2] lJ)ll2] ± l -5 J K ^S b 4 ] Ill2 , 

[S a ± Ill2 ,S b / 2j K ] = ±U5^5 [ ^S1 2 \ K] ^ (2.3.16) 
^a/ 1 / 2)5 6 1 6 2 j 1 ...j 4 ] = 2S] bl {d l I J i 1 I J 2 2l S lb2] \ j3j ^ + ^e Jl - Ml2KlK2 S lb2] KlK2 } 

[S± l12 T bll>2 Jl --- J 4] = 25^ bl {Sy 1 / 2 ^ S± 2 ^ J3J4 } ^_ e Jl---J4 I l J 2K 1 K 2 g\b2] ^ ^ j 

[S^ hl2 ,f blb2 ] = ±iS [bl Tl 2]hl2 (2.3.17) 
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The full commutators would contain in addition generators at level plus and minus three 
which are beyond the level we are keeping. 

Finally we give the transformations of the l\ representation under the Cartan involu- 
tion invariant subalgebra. Rather than work with Z Ixl2 and Zj 1 i 2 we will work with the 
irreducible representations of SU(8) which are given by 

X± hh = Z hh ± iZ Ill2 (2.3.18) 

Using equation (2.2.22) we find that their commutators with the generators of SU(8) are 
given by 

[S h - h ,X± JlJ2 ] = ±i5 l [ I J 1 i I l l X± hI ^] t ^e h - l4JlJ2KlK2 X± KlK * (2.3.19) 

that is, as the 28 + 28 of SU(8) should. 

Using equations (2.2.23) and (2.2.24) we also find that 

[Sl Ill2 ,P b ] = 5%X± hl2 , [Sl Ill2 ,X^ JlJ2 ] = 0, [Sl hl2 ,X^ JlJ2 ] = -A5j\%P a 

1 2 (2.3.20) 

2.4 The decomposition of En into representations of its Cartan invariant 
subalgebra 

The generators of the En algebra can be split into those that are invariant under the 
Cartan involution and those that transform with a minus sign. The former are those in 
the Cartan involution invariant algebra I c (Eu) given in the previous section. The latter 
are sometimes called the coset generators and are the subject of this section. Clearly, 
the commutator of two elements of I c (En) gives a result in I c (En). Furthermore if 
S G I c (En) and T is a coset generator, that is I C (T) = — T, then their commutator [S, T] 
is also a coset generator since I C ([S,T]) = [I C (S), I C (T)] = —[S,T]. As a result, the coset 
generators belong to a representations of I c (En). In this section we find the commutators 
of the coset generators with those of I c (En). Put another way we wish to decompose 
the adjoint representation of En into representations of I c (En). In the next section we 
will use these commutation relations to deduce the crucial field variations under which the 
theory must be invariant. 

Using equation (2.3.1) we find that the level zero the coset generators are given by 

T h-h = R ii-U + * R h-i^ T h h = K h h + K l2 h , (2.4.1) 

We note that ^ L T L L = and *T il "' Ll = T h '" 14 . Their commutators with the generators 
of SO (8) are obvious and those with the remaining generators of SU(8) are given by 

[ S h-U tT J K ] = _ 4{< y£i r |J|/ a .../4] _ ie /l ... /4 KL 1 L 2 L 3 T JLli2i3 } + (K J) 

= {SS^T^ 1 '- 1 ^ + 5 J K T Ill2 - h } + (K^J) (2.4.2) 
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and 

^/ 1 -/ 4)T Ji...J4] = 6<j[jj5 2 j 3 T/4l J 4 ] + ^e 7l - 74L[JlJ2j3 T j4l L (2.4.3) 

The generators of equation (2.4.1) belong to the 70-dimensional representations of SU(8). 
The coset generators formed from the level one and minus one generators are given 

by 

T a h I 2 = R aI,I 2 + fa^ = R a ^ _ R J,I 2 ^ ^ 

As for the analogous objects in the Cartan involution invariant subalgebra, these two 
objects transform into each other under SU(8) and so we define instead the generators 

T ahl 2 = T ahl 2 ± if a hh (2.4.5) 

Their commutators with the generators of SU(8) are given by 

[S I,...I^ T aJ lJ2] = ^h-hJ^K.K^a^ ± ^j^a^ (2 . 4 .6) 

and we recognise that they belong to the 28 + 28 representations of SU(8). We note 
that the SU(8) representations do not emerge in the familiar form, for example the 63- 
dimensional representation is usually carried by a traceless object with one up and one 
down index whose ranges are one to eight; the count being 8.8 — 1 = 63. However, in the 
formulation we have in this paper it is instead carried by J 1 j and S Ii " Ja ; the count being 

8.7 i 8.7.6.5 _ fi o 
2 2.4! ~~ UO - 

In previous papers we have labeled representations of SL(n) by giving the Dynkin 
diagram with the n — 1 dots in a horizontal row labeled from 1 to n — 1 from left to 
right and then taking the fundamental representation associated with node 1 to be the n 
representation and carried by the tensor Tj, i = 1, 2, . . . , n while the fundamental repre- 
sentation associated with node n — 1 to be the n representation and carried by the tensor 
T l , i = 1,2, ... ,n. The fundamental representation associated with node n — 2 is then 
the n(n — 1) representation carried by the tensor T ni2 = T^ ll2 \ etc. The use of over bars 
also applies to the SL(n) Dynkin diagram when embedded into the E n +\ Dynkin diagram, 
for example the fundamental representation associated with node one of the E? Dynkin 
diagram is the 27. However, given the unfamiliar way the SU(8) representations occur here 
we take, by definition, T" /li2 to be the 28-dimensional representation of SU(8). 

The coset generators formed from the level two and minus two generators are given 

by 

Ta\a 2 I -r>a\a 2 I ■ p J rpa\a 2 I\---I^ T3a,\a 2 I\---I^ T3 rpab Tyab i Ts~ 

J — -n, JT _ - f l'aia2 /? 1 — - rl * ri 'aia2 > 1 — ly ~r J ^-ab 

(2.4.7) 

We note that T aiCl2K k = 0, but otherwise this object has no particular symmetry. Simi- 
larly, T aia2ll "' Ii is neither self-dual or anti-self dual. Their commutators with the SO(8) 
generators is as one expects and those with the remaining SU(8) generators are given by 

^gh-.-h rpa 1 a 2 J _ _ 2^ Jl ly a i a 2 J\hhh] _ 2§^ 1 ' r J' aia2 K\I 2 hh] _|_ \^J^j-'a 1 a 2 I 1 I 2 I 3 I i \ 

2 
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tGll...l4 rpa 1 a 2 J 1 ...J 4 l _ ^ J2«^3|^«l«2 I J a] __j ^_ -fl...i"4i[^1^2^3l2 na l a 2 1^4] 

\qIi-..I4 r r a 1 a 2 J 1 ...J 4 i _ ^ <-[./i «/ 2 J3 I T->aia 2 I J 4 ] , ^ Ji ...I 4 L[ J\ J 2 J3 1 rpa 1 a 2 I J 4 ] /o ^ o\ 

L D 1 1 - \ — 3 °[/i/ 2 / 3 j a /4 1 18 A L 

where 

rpabl ^(rpabl ,rpabj \ rpabl ^frpabl rpabj \ 

rpabI 1 I 2 I 3 I 4 _ rpabI 1 I 2 I 3 I 4 _j_ ^r r abI 1 I 2 I 3 I 4 ^ 4 9) 

We can interpret these equations as meaning that T^} a2jl "- JA and Tg ia2j k form the 35 + 
35 = 70-dimensional representations of SU(8) while J'" ia2jl - J4 and T^ ia2j K form the 
35 + 28 = 63-dimensional representations of SU(8).We recall that these generators belong 
to the 133-dimensional representation of E7. 

The Cartan involution invariant subalgebra I c (En) can be constructed from the multi- 
ple commutators of the generators of SU(8) and the generators S"^ /l/2 of equation (2.3.10). 
As such to know the commutators of the coset generators with all of those of the Cartan 
involution subalgebra it suffices to find the commutators of the coset generators with the 
generators J 1 k-, S 11 — 1 * of SU(8) and S± IlT2 . The former were given above and we now 
give the commutators of the latter; the result with those of level zero of equation (2.4.1) 
are given by 

[S± ll2 ,T J K ] = -25 [ ^T^ K \ l2 ^ - 2S [ ^T^ l2 \ [S± l12 , T blb2 ] = _2<5 a(bl T± 2)/l/2 , 

^a/ 1 7 2)T j 1 ...j 4 j = Ti§ [JiJ2\ T a\J 3 J4] -p ^e Jl - j4hl2KlK2 T^ KlK2 (2.4.10) 
with the coset generators of equation (2.4.4) by 

[S ahI^ T b ±Jl J 2] = UT ab hhJij2 +8S a S lh T I 2 ] j2] ±2^5^™ T SiS^Tf ^ j 2 ] 

[Sl hl2 ,T^ JlJ2 ] = i2T^ bhl2JlJ2 + Sj 1 ^ (4T ab -2^2 T °c) ± 8iS l ^T% bI ^ Ja] T 4i5 I j\ I jf ab 

(2.4.11) 

While the commutators of the generators of equation (2.4.9) with S± l12 , but keeping only 
those generators of levels plus and minus one, are given by 

[S^ l2 ,T b ^ b2 \] = T^S{^ 2 \ J)II2] ± l -5 J K S^ hl2 , 

[S a ± hl2 ,T b / b2j K ] = ±4iSt5$T^\ K]ll2] , (2.4.12) 
^a/ 1 / 2?T b 1 6 2 j 1 ...j 4 | = 2( 5[ bl {4^ 2 J2| TJ F b2] l j3j4 ] + ^e Jl - j4hl2KlK2 T^ 2] KlK2 } 
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rnahh 7-16162 J1...J4I _ nx[bi f x[JiJ2\rp\b 2 ] \J 3 J 4 ] 1 J 1 ...J A I 1 I 2 K 1 K 2 r r \b2\ \ 

^1/2^6162] = ± - (5 a(6i T 6 2 )/ 1 / 2 (2.4.13) 

Finally we give the transformations of the li representation under the Cartan involu- 
tion invariant subalgebra. Rather than work with Z IlT2 and Zj 1 u 2 we will work with the 
irreducible representations of SU(8) which are given by 

X ± hh = Z hh ± iZ hl2 (2.4.14) 

Using equation (2.2.22) we find that their commutators with the generators of SU(8) are 
given by 

\S I *- I *,X± JiJ *\ = ±i(j[j^ 2 |^± l3l4] ] T ^e h - hJlJ2KlK2 X ± K ^ K2 (2.4.15) 

that is, as the 28 + 28 of SU(8) should. 

Using equations (2.2.23) and (2.2.24) we also find that 

[Sl hI \P b ] = 5ZX± hI \ [Sl Ill2 ,X^ JlJ2 ] = 0, [Sl hI \ X; JlJa ] = -AS^Pa 

1 2 (2.4.16) 

3 The Cartan forms and generalised vielbein 

We can finally construct the building blocks of the non-linear realisation of En Cg> s h 
appropriate to four dimensions, meaning the semi-direct product algebra constructed from 
En and its l\ representations l\. In this construction the commutators of the generators 
of En with themselves are just those of En. The commutators of generators of En 
with those in the li representations result in generators in the li representation and the 
Jacobi identities then imply that the structure constants are just the matrices of the h 
representation. Clearly one can carry out this construction for any group and one of 
its representations. Physicists are very familiar with semi-direct product algebras as the 
Poincare algebra is the semi-direct product of the translations and the Lorentz group. We 
take the generators of the li to commute, but more sophisticated commutators are possible. 

We begin with a generic group element g G En ® s h which can be written as 

9 = 9i9e (3.1) 

where 

9e = 9-19-2 ■■■9o ■■■929i (3.2) 
where g n contains level n generators; those with positive level are given by 

g2 = e h ab K ab e A aia2 ' jR ^J Ie A aia2li ^r^i^.i, (3 ^ 
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In this and the next equation we have used the generators in their SL(8) basis. The group 
element formed from the generators of the li representations is given by 
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c a Pa e xi 1 i 2 Z I i I * e x I i I 2Zi ll2e x a Z a e x a I J Z aJ Ie x aIl ... l4 Z aI i - I 4 _ _ _ e z A L A (3 ^ 



where we have denoted the generalised coordinates by z A and the generators of the h 
representation by I a- Thus the non-linear realisation introduces a generalised space-time 
with the coordinates 

> ^ii J2 5 1 2 ?^a?^a J t %ali ...I4 ? • • • (3-5) 

The fields that occur in the group element g E are taken to depend on the generalised 
space-time that is the coordinates of equation (3.5). 

The non-linear realisation is by definition just a set of dynamical equations, or La- 
grangian, that is invariant under the transformations 

9 -> 9o9, 9o e En ® s h, as well as g ->■ gh, he I c (En) (3.6) 

The group element go is a rigid transformation, that is a constant, while h is a local 
transformation, that is it depends on the generalised space-time. As the generators in gi 
form a representation of En the above transformations for go E En can be written as 

9l ->■ 9o9Wo~ 1 i9e ->• fi'ofi'E and g E -> (3.7) 

As a consequence the coordinates are inert under the local transformations but transform 
under the rigid transformations as 

z A L A g Q z A L A g Q - 1 = z u D{g^) n A L A (3.8) 

Using the local transformation we may bring g E into the form 

9e = 9o ■ ■ ■ 929i (3.9) 

Thus the theory contains the graviton field h a b ', associated with the generators K a b of 
GL{A), the 70 scalars 7 j, 0/ 1 .../ 4 , associated with the generators i^ 7 j and R Tl - 14 respec- 
tively, as well as the gauge fields A a i 1 i 2 , A a Ill2 : A aia J j and A 0ia2 / 1 .../ 4 , associated with 
the level one and two generators, and in addition at level two we have the field h a b corre- 
sponding to the generator K ab which is the dual field of gravity [10]. The parameterisation 
of the group element differs from that used in some earlier works on En, but this does not 
affect any physical results. 

As explained in the introduction, the li representation contains all the brane charges 
and as it also leads to the generalised space-time there is a one to one relation between the 
brane charges and the coordinates of the generalised space-time. Furthermore, for every 
field in En there is a corresponding element in the li representation. As such for every 
field there is an associated coordinate in the generalised space-time and an associated 
brane. For example, the metric h a b corresponds to the space-time translations, that is 
the charge P a , which is carried by the point particle, or pp-wave, and has associated 
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coordinate x a , the dual graviton h a t, corresponds to the charge Z a , which is carried by the 
Taub-NUT solution, and has associated coordinate x a , the gauge fields A a j x i 2 and A a lxl2 
corresponds to the brane charges Z Ixl2 and Zi t i 2 , which are the sources for corresponding 
brane solutions, and the associated coordinates are xi 1 i 2 and x I±l2 . 

The dynamics is usually constructed from the Cartan forms V = g~ 1 dg as these are 
obviously inert under the En rigid transformations of equation (3.5) and only transform 
under the local transformations as 

V ->■ h- x Vh + hT x dh (3.10) 

Hence if we use the Cartan forms, the problem of finding a set of field equations which 
are invariant under equation (3.6) reduces to finding a set that is invariant under the local 
subalgebra I c (En), that is the local transformations also given in equation (3.6) and so 
equation (3.10). 

The Cartan forms can be written as 

V = V E + Vi (3.11) 

where 

VE=9E ld 9E and V/ = g^ig^dgfigs (3.12) 

The first part Ve is just the Cartan form for En while Vi is a sum of generators in the l\ 
representation. Both Ve and Vi are invariant under rigid transformations and under local 
transformations they change as 

V E ->■ hr x V E h + hr x dh and V x ->■ hr x Vih (3.13) 

Let us evaluate the E\\ part of the Cartan form 

V E = dz n G u ,.R' = G a h K\ + Q 1 jK J 1 + f2j 1 .../ 4 i2 Jl "" /4 

+G a i 1 i 2 R al11 ' 2 + G a Ill2 R a i 1 i 2 
+G ab K ab + G aia J jR a - a2j j + G aia2ll ..j 4 R a ^ h - J ^ + ... (3.14) 
where • denotes the indices on the generators of En. Explicitly one finds that 

G a b = (e-Me)^, G^ = g^dg* = ^ J I K I j + flj^R 1 ^ 

G ahl2 = DA ahl2 , G a hh = DA a hl2 , 
G ai a 2 1 J = DA ai a 2 I J - 2A[ ai \ LJ DA\ a2 ] LI - 2A[ ai \ LI DA\ a2 ] LJ 

G ai a 2 h...i A = DA aia2h „j 4 +6A [ai \ hl2 DA\ a2]hl4] - -e Il ..j 4 j 1 ...j 4 A [ai \ Jl j2 DA\ a2] JsJ4 

G ab = Dhab - A (ailIll2 DA la2) l2h + A (ail hl2 DA la2)l2h (3.15) 
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where e^ a = (e h )^ a and 

DA ahh = dA ahh + (e- 1 de) a b A bhh + 2Q J [h \A aJ \ l2] + n h ..j 4 A a hh , 

DA a Ilh = dA ahl2 + {e- 1 de) a h A b 1 ^ - 2Q^jA a J ^ - tl hl2 . h j 2 A a J ^ (3.16) 

with analogous expressions for other quantities. 

Let us now evaluate the part of the Cartan form in equation (3.11) containing the 
generators of the l\ representation; we may write it as 

Vi = g~ l dg = dz n E n A L A 

= g-\dx a P a + dx Ill2 Z hl2 +dx hl2 Z Ill2 +Z a dx a + x a I J Z aJ I + dx aIl ... l4 Z ah --^ + .. .)g E 

= E a P a + E hl2 Z hh + E hh Z hl2 + ... (3.17) 

where E A = dz n Ejj A - Using equations (2.2.22-24) we find that En A , viewed as a matrix, 
is given at low orders by 

/ (dete)-h^ a -(dete)-h^ c A cJl j 2 -{dete)~^ e^ c A C J ^\ 
E=\ N hI *j lJ2 AfhhJiJ* (3.18) 

V Ni^m* Mhi 2 JlJ2 J 

The matrix Af is the vielbein in the scalar sector, that is g^ 1 (dxi 1 i 2 Z IlI:! +dx IlI:! Z Il i 2 )g ( ^ = 
dx ■ M ■ I. This illustrates the fact that the non-linear realisation leads to a generalised 
space-time with a generalised tangent space, which for the four dimensional theory consists 
of the usual tangent space of four-dimensional space-time, a 56-dimensional tangent space 
and then higher level tangent spaces. The tangent space can be read off from the Zi 
representation in an obvious way. The tangent space group is I c (En). At lowest level 
in four dimensions the tangent space group is SO {A) <g> SU(8) and the tangent vectors 
transform, at lowest level, in the 4 representation of of SO (4) and the 28+28 representations 
of SU(8). It will prove advantageous to express the tangent space in terms of objects that 
transform into themselves, that is, identify precisely, the 28 and 28 of SU(8). To this end 
we can rewrite V; at lowest order as 

E a P a + E Ill2 Z^ + E^Z Ill2 = E a P a + E +Ill2 X + ^ + EJ^X_ hl2 (3.19) 

using the generators of equation (2.4.14). Comparing terms we find that 

E ±hl2 = ±(E Ill2T iE 1 ^) (3.20) 

As we see, the non-linear realisation En<S> s h automatically encodes a generalised geometry 
equipped with a generalised vielbein which will be given explicitly at low levels shortly. 

Our task is to find a set of dynamics which is invariant under the rigid and local 
transformations of equation (3.7) and with this in mind we now consider in more detail 
the transformations of the two parts of the Cartan form beginning with the En part, 
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Ve- As noted above the Cartan forms only transform under local I c (En) transformations. 
It is useful to introduce the operation g* = (I c (g))~ 1 on the group. While I c is an 
automorphism, i.e. on two group elements I c {gi92) = Ic{Q\)Ic{g2)i the action of * reverses 
the order, that is (#1(72)* = (92)* (gi)*- The action of * on the algebra is given by A* = 
-I C (A) and (AB)* = B*A*. A group element belonging to I C {E\\) obeys h* = h~ x and 
the two transformations of equation (3.7) imply that g* — > h~ 1 g*(go)*. We write the 
Cartan forms Ve as 

V E = P + Q, where P= l(y E + V%), Q= \{V E -V* E ) (3.21) 

and then the transformations of equation (3.13) become 

P-th^Ph, Q-th^Qh + h^dh (3.22) 
Examining equation (3.14) we find that 

2P = G h a T\ + Q J I T I J + Sl h ... u T Il - u + G ahl2 T ahI > + G a hh T a hh 

1 A rpab _i_ /m I T>a\a-2.3 , r~i rpa\a-2.I\...I^ , 

-r^ab 1 T o aia2 jrt 1 -f- (-r aia2 7 1 .../ 4 i -r • • • 

= G b a T\ + f2 J jT J j + n h ...i 4 T h - u + G a+hl2 T^ hh + G a - h i 2 T^ 

1 fy rpab 1 /~i I rpa\a-2.J , /~1 I rpaxa^J 

+ ( ^ab-L + ( ^a 1 a 2 S J 1 S I + ^ r a 1 a 2 A J J- A I 

+G aia2+h ... h T^ h - h + G aia2 - h ... l4 T^ a * h - h + ... (3.23) 

and 

2Q = G a h J\ + fi Vj + fi 7l ... /4 S 7l - /4 + G ahl2 S aI ^ + G a hh S a Ill2 

+G ab S ab + G aiaa I J S aia * J I + G aia2h ... l4 S a ^ h - h + ... (3.24) 

Where in the first line we have used the generators of equations (2.4.1), (2.4.4) (2.4.7) 
and in the second line the generators of equations (2.4.5) and (2.4.9) which transform 
as irreducible representation under SU(8). The Cartan forms inherit the properties of 
the generators from which they arise; for example G aia2 +i 1 ..j 4 and G aia2 -i 1 ,,j 4 are self 
dualand anti-self dual. We note that except for the level zero generators the connection Q 
contains the same objects as the covariant quantity P. 

Taking h = 1 - A a+Ill2 S+ hl2 - A a _ Ill2 S°_ hh , the local transformations of P of 
equation (3.23) implies, using the equations of section four that 

8G J k = ^(4A a ±LK G a ±L J + 4A a ± L jG a ±L K - S'^A a ± LM G a ±L M ), 
± 

SG hhhU = i2^±(A a±[/i/2|| G a± | /3/4] + ^ e/l ... 74 Jl - j4 A a±JlJ2 G a±j3j4 ) 
± 

SG aia2 = y^(4A( ai | ± j 1 j 2 G ? | a2 ) =F j 1 j 2 - 2d aia2 A b ± Ill2 G b z F i 1 i 2 ) 
± 
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SG a ± Ill2 = ±2iA aT j 1 j 2 G Ill2JlJ2 + 4A a=F j[7 1 G , / 2 ]' / + 4A &T j 1 j 2 G b a+Jl j 2 i 1 i 2 
+4A-b±j 1 j 2 G b a-JiJziih =•= 4iA b=F j^C 6 a s J \i 2 ] T 4:iA b ±j[ Il G b a A\i 2 ] J 
+A b±hl2 (±iG b a -2G b a ) 

SG ai a 2 -ii...i4 = 6^(A[a 1 |±[/i/ 2 |G ? | a2 ]|z F |/ 3 / 4 ] - |ye/ 1 .../ 4 Jl "" 74 ^[o 1 |±JiJ 2 G ! |o2]|T^3J4)) 

5G0102+/1.../4 = 6^(A[ ai | ± [ /l/2 |G| a2 ]| ± |/ 3 7 4 ] + Tye/ 1 ...74 Jl '" J4 A[a 1 |±JiJ2 G |a 2 ]|±J 3 J4 

± 

SG aia2 S J K = T 8iA-{a 1 \±L(K\G\ a2 ]±L^ J ' > ± A[ ai | ±LM G| a2 ] ± L M , 

± 

8G aia2 A J K = ^ ± 8iA[ ai | ±L [ jR -|G| a2 ] =FL |J] 

± 

(^Ga^a = =F 4zA (ai | ± J 2 G| a2 ) T j 1 J 2 (3.25) 
± 

Let us now turn our attention to the transformation of the part of the Cartan form 
in the direction of the h representation, that is Vi. At lowest level, the transformation of 
equation (3.13) implies, using equation (3.17) that 

E n A ' = E n B D(h) B A , and for the inverse (E~ 1 )a 11 ' = D{h~ x ) a B {E~ l ) B n (3.26) 

if we define h~ 1 LAh = D{K)a E 'Lb- At lowest levels this implies the local transforms 

SE u a = ~4Eyi~ / 1 / 2 A a+ /l/2 - 4i? n + / 1 / 2 A a _/ 1 / 2 , 5E^ Ill2 = A a ± Ill2 Eu b , . . . 

<K-E -1 )a n = -A a +/ 1 / 2 (-E+ 1 )/ 1 / 2 n - A a _ /l 7 2 ( J Er 1 )/ 1 j 2 n 

^-y^n = 4A aT/i72(jB -i) 6 n ; (327) 

In the above we have written the Cartan forms as forms and were we to write them 
out explicitly we would write Ve as dz n Gji,»R* , where • denotes a generic En index, 
and Vi as dz n Eu A lA- Put another way we have suppressed their world index IT. Even 
though the Cartan forms are invariant under the rigid transformations, Eu A and Gn,» 
are not as the transformation of z n of equation (3.8) implies a corresponding inverse 
transformation acting on the IT index of these two objects. Thus Eji A transforms under 
a local transformation on its A index and by the inverse of the coordinate transformation 
on its IT index. As such we can think of it as a generalised vielbein. We can rewrite the 
Cartan form of E\\ ® s li as 

V = g- l dg = dz n E u A (L A + G A ,*R*) (3.28) 

where Ga,» = (E~ 1 )a II Gu,»- At low levels (E~ 1 )a u is the inverse of the matrix of equation 
(3.19). Clearly Ga,» is inert under rigid transformations, but it transforms under local 
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transformations as in equation (3.25) on its • index and as the inverse generalised vielbein 
on its A index, that is as in equation (3.27). The latter transformation can be written as 

SG ait = —A a+ i 1 i 2 G + i 1 i 2: . — A a _7 1 / 2 G_/ 1 / 2 ,,, SG±i 1 i 2j , = 4A& T / 1 j 2 G6 ) ., . . . (3.29) 

Of course, the full local transformation is the sum of that given in equations (3.27) and 
(3.29). 

The SU(8) variations of the Cartan forms is given on their En index by taking h = 
1 - Aii-h R h-h in equation (3.10) and using equations (2.42), (2.43), (2.46) and (2.48); 
the result is 

SGo/j = 6A Kl ...if3jGo , Ki - K3I +6A Ki ...k 3 iGo K ^ J , SG J ^- h = -16G<> .Vl^Ui-jJ 

SG^^ahh = ±HAj 1 j 2 i 1 i 2 G <> ,± a j 1 j 2 
g 

SG 0jaia2 s J = - -A( I \ KlK2Ka G <>taia2 + KlK2K3 \j) 
g 

SGo jai a 2 A J = -^[I\K 1 K 2 K 3 G< > ,a 1 a2-K 1 K2K 3 \J} 
^G ? ,aia 2 + 7l '" /4 = — 4A[ Ill2 j 3 \ K G <> ,a 1 a2S K \I 4 ] 

5G r o )aia2 _ /l "' /4 = — 4A[/ 1 / 2 7 3 | Jf G 0iaia2 A K (3.30) 
While the Cartan forms transform under SU(8) on their li, or A index as follows 

SG±i 1 i 2i , = z $-HAi 1 i 2 j 1 j 2 G±j 1 j 2 ^ (3.31) 
4 The equations of motion 

In this section we will construct the invariant equations of motion using the variations 
found in the last section. We found at the end of section three that the Cartan forms 
referred to the tangent space, see equation (3.28), are inert under the rigid E\\ transfor- 
mations and only transform under local I C {E\\) transformations. Let us denote the Cartan 
forms in Ve, when referred to tangent space, by £<>,• where • is a generic En index and o 
is a generic form index referred to the tangent space using the generalised vielbein Ea 11 , in 
other words o is the index used to label the l± representation. The dynamics is by definition 
just a set of equations which are invariant under the local and rigid transformations of the 
non-linear realisation. Thus if we construct the dynamics out of G ,» we need only worry 
about the local transformations. Hence to find the dynamics is just a problem in group 
theory. However our knowledge of the properties of I c (En) is limited and so, for the time 
being, we must carry this calculation out level by level. We will demand that the equations 
of motion are first order in derivatives and so first order in This is a special feature of 

En reflecting the fact that En is a duality symmetry generalising electromagnetic duality. 

The level zero Cartan involution invariant subalgebra is 50(4) x SU(8) and so we can 
choose to classify the equations of motion by representations of this algebra. The Cartan 
involution invariant subalgebra is generated by the level zero sector and the generators 
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S a ±hi 2 an d so to check the invariance under the full non-linear realisation we need only 
check that the equations of motion are inert under these transformations. As such we will 
write down all terms, with arbitrary coefficients, in the chosen representation of SO (4) x 
SU(8), up to the level being studied, and then vary them under the transformations of 
the Cartan involution invariant subalgebra; that is, the the SU(8) transformations given 
in equations (3.30) and (3.31) and the S a ±i 1 i 2 transformations given in equations (3.25) 
and (3.29). 

Let us begin with the equation of motion whose terms belongs to the 6-dimensional 
representation of SO(4), that is two antisymmetrised indices, and the 28 (28)-dimensional 
representation of SU(8). While the representations of SO(4) are obvious the same is 
not always true for those of SU(8), at least in the formalism we are using. However, in 
constructing objects that transform as representations of SU(8) we can be guided by the 
well known action of the SO (8) subgroup. The most obvious such terms are those Cartan 
forms whose • index, that is E\\ index, carries, at least in part, the 28 (28) -dimensional 
representation of SU(8) and whose o index is just the four dimensional representation of 
GL(4), that is, the object G f [ 0lja2 ]+j 1 j 2 {,G ai ^ a2 -i 1 i 2 ). However, we can also consider the 
Cartan forms whose • index contains the 70-dimensional representation of SU(8), that is 
use the objects G 0j a 1 a 2 + Il " J4 an d G^^^s 1 J, an d whose o index, that is l\ index, belongs 
to the 28 (28) representation of SU(8), that is Gi 1 i 2 ± y9 . We can then form the 28 (28) of 
SU(8) using the tensor product rules 28 x 70 = 28 + . . . (28 x 70 = 28 + . . .). Thus we 
consider the sum of the two terms 

G±J 1 J 2 , ai a 2 + JlJ21112 , G±[ Il \ Kjaia2 S K \I 2 ] (4.1) 

Using the SU(8) variations of the Cartan forms of equations (3.30) and (3.31) we find that 
the combination 

AG± aia2 707 1 / 2 = G± J 1 J 2 , ai a 2 + Jl J2hl2 ± lG±[ Il \ K ,a 1 a 2 S K \I 2 ] (4-2) 

transforms under SU(8) as 

$(AG± aia2 70/i/ 2 ) = '^^hI 2 K 1 K 2 ^G± aia2 'jQK 1 K 2 (4.3) 

that is like the 28 (28)-dimensional representation of SU(8) and so like G <>ja ±hi 2 - The use 
of the subscript 70 reminds the reader of where this term originated and it will be used to 
distinguish this term from a similar term that we will also now construct. 

We can also form the 28 (28) representation by taking the • index to be the 63- 
dimensional representation of SU(8) instead of the 70-dimensional representation and using 
the tensor product rules 28 x 63 = 28 + . . . (28 x 63 = 28 + . . .). As a result we consider 
the terms 

G±J 1 J 2l a 1 a 2 - 1 2 1 2 , G±[i 1 \K,a 1 a 2 A \I 2 ] (4.4) 

Proceeding as before we find that the combination 

AG± aia2 63i ll2 = G T j 1 j 2jaia2 _ Jl 1/2/1/2 =F iG T [ Il \ Kyaia2 A K \I 2 ] (4.5) 
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transforms as 

5(/S.G± aia2 ^i 1 i 2 ) = ±2iA Ill2KlK2 AG± ai a 26 3K 1 K 2 (4-6) 

that is as the 28 (28)-dimensional representation of SU(8). 

Finally, we can write down all possible terms in the equation of motion that transforms 
as the 6-dimensional representation of SO(4) and the 28 (28)-dimensional representation 
of SU(8); taking arbitrary coefficients they are given by 

G[ ai ,a 2 ]±hl 2 + i-^ e a 1 a 2 blb2 Gb 1 ,b2±IiIi + e 7Q±AG± aia2 7qi 1 i 2 + e 63 ± AG ? ±aia263 / 1 / 2 

+^ea 1 a 2 blb2 (e / 70± AG ±aia2 70 / 1 7 2 + e' 63± AG ±aia263h i 2 ) + . . . = (4.7) 

where + • • ■ mean terms at level greater that two in the fields and derivatives with respect 
to the coordinates that are greater than level zero. 

Varying equation (4.7) under a local transformation, but keeping only terms that 
contain the Cartan forms G aija2 ±i 1 i 2 , we find that the first term leads to a term of the 
form 

^ G [a 1 \ b \a 2 ]+I 1 I 2 J 1 J 2 ^b^J 1 J 2 (4.8) 

as well as other terms. We can rewrite this term as 

2G ,b iaia2+ 7 1 / 2 j 1 j 2 A bT j 1 j 2 - 6G , [ bjaia2 ] + / 1 / 2 j 1 j 2 A 6 T j 1 j 2 (4.9) 

The first term can be canceled if we choose the constant in equation (4.7) to be given by 
ero± = — 2- The second term is of the form of a field strength and, as we will see, it is 
required to find the original equation again after the variation. We note that although the 
local variations of the Cartan forms do not lead to field strengths for the gauge fields there 
are allowed terms in the equation of motion that involve derivatives with respect to the 
extra coordinates which cancel the non-field strength terms. Proceeding in the same way 
for similar variations one finds that e$3± = — |. Thus we find that, for these coefficients, 
the variation of equation (4.7) is invariant if we discard variations that involve other fields. 
Collecting these results we find that equation (4.7) can be rewritten as 

G[ ai ,a 2 ]±hl 2 ± 2 e «i«2 1 2 <3b 1 ,b 2 ±hh = (4-10) 

where _ . 

£[ai,a 2 ]±/i/ 2 = ^[ai,a 2 ]±/i/ 2 ~ ^^G±a 1 a 2 70I 1 I 2 ~ ^G±a 1 a 2 63I 1 I 2 (4-H) 

We recognise these as the correct equations of motion of the gauge fields once one acts 
with another derivative and takes the fields to depend only on the usual coordinates of 
four-dimensional space-time. 

When carrying out the variations in this section we consider only terms in the varia- 
tions that have derivatives with respect to the usual coordinates of space-time. As a result 
one finds new equations that contain only terms with space-time derivatives. However, 
when we vary these equations the result is sensitive, by using equation (3.29), to terms in 
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the original equation that contain derivatives with respect to the generalised coordinates, 
that is, the derivative E±j 1 j 2 Yl du- 

We now take all the other variations of equation (4.7) under equations (3.25) and 
(3.29), except those involving the fields of gravity and dual gravity. We find that it leads 
to the equations 

Ga hhJiJ 2 _ €abib2b3 G blMb3+ I ^ J ^ = (4.12) 

Ga, 1 J — £ab 1 b 2 b 3 Gb l! b 2 b 3 S I J = (4-13) 

In carrying out this calculation one must set to zero the coefficients of the parameters 
Aa+^/j and A a -j 1 j 2 as well as the independent SO(l,3) tensor structures and in doing 
so one finds two copies of the above equations that are only consistent if e\± = 1; in the 
above equation we have chosen e\± = ±1. 

Varying the equations of motion for the scalars (4.12) and (4.13) under the local 
I c (En) transformations one finds the vector equation of motion of equation (4.10). How- 
ever, as explained above, it is in carrying out this step one finds the contributions in 
equations (4.12) and (4.13) that contain the derivatives with respect to the Lorentz scalar 
coordinates and the actual equations now read 

Ga/ 1 ™ - e ablb2b3 G blMb3+ h ™ = (4.14) 

Ga/ J - £ab 1 b 2 b 3 G bljb2ba S I J = (4-15) 

where 



Q a hhJlJ2 = G a h ™ + 6AG a h ™, Q a /j = Q a /j + 6AG a /j (4.16) 

and 

i 1 
AG a , 2 = +-(G_[/ 1 / 2 | )a+ |7 3 / 4 ] + -^ei 1 ..j 4 K 1 ...K 4 G_[ KlK2 ^ a+ \ K:}K4 ]) 

-2^G+[hI 2 \,a-\I 3 I 4 ] + -y£l 1 ...hK 1 ...K 4 G + [ KlK2 \ !a _\ K3K4 ]), 

\ 1 

AG a , J = + — (G-lK,a+KJ + G-jK,a+KI ~ -^SjG-LK,a+KL 

+G + lK,a-KJ + G +JK ,a-KI ~ ^jG+LK,a-K L) (4-17) 

One can verify that the combinations AG a / ll2JlJ2 and AG a / j transform as the 70- 
dimensional representations of SU(8), that is, as G a} Ill2lal4 and G a / j do. 

Taking another derivative acting on equations (4.14) and (4.15) we find the equations 
of motion for the scalars of four dimensional maximal supergravity provided we again take 
the fields to depend only on just the usual coordinates of four dimensional space-time. 

In varying equation (4.10) we also find the equations 

G blMb3 _ hl2l ^=0 (4.18) 
G bl , b2b3 A I j = (4.19) 
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These equations are expected as the fields in the non-linear realisation which are dual to 
the scalars belong to the 133 of £7, however, there are only 70 scalar s as they belong to the 
non-linear realisation of Ej with local subgroup SU(8), equivalently the coset -EV/SU(8). 
The variations of these equations will be discussed later. 

Thus one finds an infinite set of equations of motion that are invariant under the 
symmetries of the non-linear realisation; the lowest two equations being the equations 
of motion for the gauge fields, equations (4.10), and scalars equations (4.14) and (4.15). 
These latter equations are equivalent to the equations for the four dimensional maximal 
supergravity theory provided we take the fields not to depend on the Lorentz scalar co- 
ordinates. We note that these equations are uniquely determined by the symmetries once 
we pick the Lorentz and SU(8) character of one of them. 

We now consider equations whose Lorentz and SU(8) character do not occur in the 
above infinite set. In particular we consider the equation that is a Lorentz scalar but 
transforms under the 28 (28) of SU(8). Up to the level at which we are working the only 
possible terms that this can contain are 

G a , a ±i 1 i a , G ±Jl j 2) Jl 1/2/1 /2 , G± [h \k K \i 2 ] (4-20) 

Varying under the local transformations of section three we find that this equation will be 
invariant if it takes the form 

G a , a ±hl2 ± ^G ±JlJ2 / lJ2/l/2 + l -G ±[Il \ K K {l2] = (4.21) 

and we also impose the additional equations 

b 3 3 

G a , 0+J1...J4 + 2 ^-[-^2 1, + 2 < ^+[ / i / 2|, 6-I/3/4] = (4.22) 

3 3 

G a , a-h.-.h + 2 G -[Ii/ 2 1, b- 1/3/4] + 2 G +[ / i^|, 6+I/3/4] = ( 4 - 23 ) 

G a b aS J k - ^G_ L (K| &)+L |j) + iG +L ( K \ h ^ L \j) = (4.24) 

and 

G a b aA J K + iG_ L [ K \b,-L\J] - iG+L[K\b,+L\J] = (4-25) 

One can verify that the local variation of equations (4.22) to (4.25) leads to equation (4.20). 
Thus one finds another infinite tower of invariant equations which are uniquely specified 
by the symmetries of the non-linear realisation. 

The equations (4.21-4.25) can be thought of as gauge conditions, if one sets the de- 
pendence of the fields to be just that of the coordinates of the usual four dimensional 
space-time. Of course one does not have to actually adopt these latter equations and one 
can just take the equations (4.10), (4.14), (4.15) and their higher level analogues. 

We conclude this section with some incomplete results on the higher level equations 
of motion. By varying the field equation for the gauge fields we found equations (4.18) 
and (4.19). Varying the first equation under the I c (Eu) local variations we find that 

8^2(-^-b±L[J\G bja ^ L \l] + Ab±L[J\G a ,bTL\I]) = (4.26) 

± 
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The first term can be canceled by adding to the left-hand side of equation (4.18) the term 

2j2 G TLU,aTL\I] (4-27) 

± 

However, the second term can be canceled by adding the term 

Qa/j (4.28) 

Where are the Cartan forms belonging to I c (En). This has a local transformation 
which given by 

SQa/j = -4 A a±L[J\Qa,bTL\I] (4.29) 
± 

As we noted in the gauge in which we are working Q a ,b=fL\i] = Ga,b=FL|/]- However, 
does not transform homogeneously as it has a h~ x dh part. As such once we add terms 
of this type the equations of motion only hold modulo this inhomogeous term. Covariant 
equations can be found by acting with a derivative in an appropriate way. The resulting 
equation which replaces equation (4.18) is 

e^^G^^A 1 j + 2 G^ L[ j\,a^ m + Qa!j = (4.30) 

± 

A similar analysis applies to equation (4.19) which is now replaced by the equation 

6 ab ^ b >G bl , b2b3 Ji- J * - SiJ2^ G TlhI,\,a±\I 3 U] + \Qa,Ii...I< = (4.31) 

± 1 

The above steps are required in any non-linear realisation that is constructed from 
a Kac-Moody algebra and involves scalars and has dual fields. To illustrate this let us 
consider that the theory contains two scalars that belong to the non-linear realisation of 
SL(2,R) which is part of the larger Kac-Moody algebra. The theory will also contain dual 
fields which carry D — 2 space-time indices, if D is the dimension of space-time, and belong 
to the adjoint representation of SL(2,R). These lead to three field strengths which transform 
in the adjoint representation of SL(2,R). However, only two of these are related to the two 
scalars by a duality relation. This is possible as the Cartan forms transform under the 
local symmetry which for S1(2,R) is SO(2). While two of the Cartan forms are doublets 
the remainder is a singlet and this can be set to zero, at least as far as the subalgebra 
SL(2,R) is concerned. The extra D — 2 form field arises as the D — 2 forms must belong to 
a multiplet of SL(2,R) while the scalars belong to the coset SL(2,R)/SO(2). However, the 
variation of this field under the other transformations of the local subalgebra involves the 
other fields from the non-linear realisation and these must be cancelled, hopefully in the 
way explained above. One of the simplest contexts inwhich to think about this problem is 
the IIB theory which has an obvious SL(2,R) subalgebra. 

Varying the gauge field equation (4.10) but now keeping the gravity and dual gravity 
fields we find that its real and imaginary parts are the same and are given by 

G [ai\ b \a 2 ] + -^a x a^ h2 G hx h h ^ = (4.32) 
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However to find the full equation one must vary this under the local symmetry and then 
add the terms that contain derivatives with respect to the generalised coordinates and the 
"Q" terms. The latter are the Q a , b c, that is the parts of the Cartan forms associated 
with the Lorentz algebra. As a result the gravity equation will only hold up to local 
Lorentz transformations which include a term which contains the derivative of the Lorentz 
parameter. We note that the formulation of the correct gravity equation has some features 
that are similar to those for the scalar and this should increase the propect that the solution 
can to be found within the context of the Kac-Moody algebra. 

The resulting equation for gravity and those of equations (4.30) and (4.31) are still 
being studied and the author expects to write a more complete account in a subsequent 
publication. We also hope to report on the significance of the second set of equations. 

5. Discussion 

One can view the above computation from a slightly different perspective. We have 
considered objects that are first order in the derivatives of the generalised space-time. 
What we have shown, to the level to which we are working, is that the right-hand sides of 
equations (4.10), (4.14) and (4.15) vary into each other under the local symmetry I c (En) 
and so transform covariantly. Similarly, the left-hand side of equations (4.21-4.25) vary 
into each other under the local symmetry. Since the rigid symmetry is automatically 
encoded in the way we have performed the computation it follows that we have found 
two sets of expressions each of which transform covariantly under all the symmetries of the 
non-linear realisation. Furthermore the two sets are uniquely determined by the non-linear 
realisation, that is, the properties of the En Kac-Moody algebra and its first fundamental 
representation li. The only assumption we have made is that the objects we consider are 
first order in the generalised space-time derivatives. 

One is not forced to set either of these two sets of expressions to zero, however, if 
one sets the first set to zero then one will find an infinite number of equations the first 
two of which correctly describe the equations of motion of the scalars and the gauge fields 
once we consider the fields to depend only on the usual coordinates of four dimensional 
space-time. 

We can state the result in a more group theoretic manner. The Cartan forms in 
the coset direction, that is the P, carry a representation of I c (En)', the transformations 
acting on the indices that are inherited from the adjoint representation of En as well as the 
indices that arise from the li representation. However, this representation is not irreducible 
as there exists, at least at low levels, an involution operator on the representation which 
can be used to define the irreducible components. This involution includes the action of 
the the epsilon symbol of the usual space-time and it maps fields to their duals. Thus 
it is a generalisation of our usual notion of electromagnetic duality. It would be good to 
understand the representation carried by the Cartan forms and the involution in a more 
abstract way as this could lead to a more efficient way of computing the equations of 
motion rather than the order by order method used in this paper. 

We note that when we discard coordinates from the the generalised space-time except 
those of the usual four-dimensional space-time then the equations are gauge invariant and 
are unique so we did not have to adjust any constants in order to achieve this. This is 
in contrast to previous such computations in the early papers on En, and for example 
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in references [24,25], where one found the equations of motion, or Lagrangian, were only 
determined up to some constants. This problem was addressed in the earliest En papers by 
demanding that the equations also be conformally invariant, an idea which was first used in 
reference [19], or by simply demanding gauge symmetry as in [24,25]. The difference with 
the calculation of this paper is that one has implemented the symmetries of the non-linear 
realisation at a higher level and in particular the local symmetries which were often taken 
to be just those at the very lowest level, that is, just the Lorentz group. 

The results found in this paper are similar to the calculation of the En ® s h non-linear 
realisation in ten and eleven dimensions given in references [29,30] and [31] respectively. 
Also in these papers one considered quantities that were first order in the derivatives with 
respect to the generalised space-time and one found only two unique sets which transform 
covariantly into themselves under the symmetries of the non-linear realisation. Setting one 
of these sets to zero leads to the equations of motion of the corresponding supergravity. 
The way the results in these papers were phrased were a bit different, but it is equivalent 
to the statement just made. 

In the full non-linear realisation the field equations will depend on the higher level 
fields which arise from the En part of the non-linear realisation and they will lead to effects 
which it would be interesting to study. In particular we already know that the three form 
fields at level four will lead to the gauged supergravities in four dimensions [12,36]. 

It is striking, at least to this author, that the En <g> li non-linear realisation leads es- 
sentially uniquely to the correct equations for the scalars and gauge fields and an equation, 
yet to be fully formulated, for the gravity that has many of the correct features. Indeed if 
the latter equation were to turn out to be correct then the En conjecture would be proven. 
The present paper provides a good arena to see if this is indeed the case. 

The equations contain derivatives with respect to the higher level coordinates belong- 
ing to the generalised space-time. Just setting to zero the derivatives with respect to all 
the coordinates except those of the usual four dimensional space-time is not a satisfactory 
step. It is difficult to believe that the additional coordinates, beyond those of the usual four 
dimensional space-time, are not there for a reason. Indeed, as we have already noted the 
higher level coordinates do play an important role in the formulation of the gauged super- 
gravities [13]. However, it remains to implement a truly satisfactory, physically motivated, 
procedure that carries out the required radical reduction in the number of coordinates. 
We note that for the En <S> h non-linear realisation, at lowest level, in the decomposition 
that leads to the IIA theory the reduction has been found to occur by considering the first 
quantised theory [38]. While the full twenty dimensional generalised space-time occurs in 
the first quantised theory its quantisation to find the field theory requires that half of the 
coordinates are eliminated. Thus the quantisation breaks the manifest SO(10,10) symme- 
try, however, if one takes into account all possible ways of choosing the ten dimensional 
slice of space-time that remains then the theory should possess the full symmetry, albeit in 
a hidden way. It would be interesting to extend these results to the full En ®h non-linear 
realisation. 
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Appendix A The En <8> s h algebra 

This appendix is designed to equip the reader with the En material required to 
understand this paper. Rather than explain the theory behind Kac- Moody algebras we will 
present the required results. We first give the En algebra in the decomposition appropriate 
to eleven dimensions, that is, we decompose the En algebra into representations of Ao, 
or SL(ll), representations [10,16]. This algebra is found by deleting node eleven in the 
Dynkin Diagram of En given below 

® 11 

1 2 7 8 9 10 

Fig 1. The En Dynkin diagram 

The way one constructs this algebra from the definition of En as a Kac- Moody al- 
gebra in terms of representations of SL(ll) is discussed, for example, in [17]. For the 
calculation in this paper one does not need to understand all the subtleties of this con- 
struction and the parts of the algebra that are needed are given below. The generators 
can be classified according to a level which is associated with the decomposition associ- 
ated with the deletion of node eleven. At level zero we have the algebra GL(ll) with the 
generators K a b , a,b = 1, ... 11 and at level one and minus one the rank three generators 
R abc and R abc respectively. The generators at level two and minus two are R a ^--- a e anc l 
R ai ...a 6 respectively, while those at levels three and minus three are 

Rai ...a a ,b and R ai b 

respectively. The level is just the number of upper minus lower indices divided by three. 
For a discussion giving the more abstract definition of level which relates it to the deletion 
of node eleven see for example references [17] or [38]. 

The En algebra at levels zero and up three is given by [10,16] 

[K a b ,K c d ] = S c b K a d -8 a d K c b , (Al) 

[K a h , i? c i- c 6] = $C1R*C2-C6 + _ _ _ ) [^a &; i? Cl - C3 ] = 5^R ac ^ + ..., (A2) 

[K a b , i? Cl - C8 ' d ] = ( < j£i jR ac 2 ... C8l d + ...) + sfR Cl - Cs ' a . (A3) 

and 

[ i jci...c 3}i2 c4...c 6 ] = 2# Cl - C6 , [R? 1 - a °,R bl - b 1 = 3ij«i -«e [6162,63] s ( A4 ) 

where + . . . means the appropriate anti-symmetrisation. 

The En level zero and negative level generators up to level minus three obey the 
relations 

[K a b , R Cl ... C3 ] = -S^Rbcicz - ■ ■ ■ , [K a b, R Cl ...c 6 ] = - S2 1 Rbc 2 ...c 6 - ■ ■ ■ , (-4-5) 
[K a b , R Cl ... C8)d ] = - {5c 1 Rbc 2 ...c 8 ,d H ) - 5dR Cl ...cs,b- (A.6) 

[Ra...c 3 i -Rc 4 ...c 6 ] = 2-R Cl ...c 6 ) [Ra 1 ...a 6 ; Rb 1 ...b 3 ] = 3-R ai ... a6 [5 1 5 2) & 3 ] , (A.7) 
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Finally, the commutation relations between the positive and negative generators are given 
by 



[R ai - aa ,R bl ... b3 ] = lMfcgK**^ -25 a b ^D, [R bl ... b31 R a ^] = |fe 8 °" R a ^ 
[R ai - ae ,R bl ... b6 ] = -5\.3M^;£K^ b6] +5\8%;;gD, 

[R ai ...a 3 ,R b ^ C ] = 8.7^ltt Rb4 '-- b8]C - €^1^^ 

[R ai ...a 6 ,R bl - b »> c ] = 7 ^(sl\\\i 6 R b7bs]c - C-'-i R b6b7b8] ) (A.8) 

where D = E b K b b , 5 a b ^ = |(^^ - SgS£) = 6 [ £8% ] with similar formulae when 
more indices are involved. 

We also need the fundamental representation of En associated with node one, de- 
noted by l\. By definition this is the representation with highest weight Ai which obeys 
(Ai, a a ) = 5 a ,i, a = 1, 2 . . . , 11 where a a are the simple roots of En- In the decomposition 
to Sl(ll), corresponding to the deletion of node eleven, one finds that the li representation 
contains the objects P a , Z ab and Z" 1 -" 5 , a, 6, oi, . . . = 1, . . . , 11 corresponding to levels 
zero, one and two respectively. We have taken the first object, i.e. P a , to have level zero 
by choice. Taking these to be generators belong to a semi-direct product algebra with those 
of En, denoted by En cg) s l\, their commutation relations with the level one generators of 
En are given by [16] 

[i?" 1 " 2 " 3 Z bl "' b5 ] = ^ & i--- b s[«i«2,a3] _|_ ^ b i... b 5aia 2 a 3 ^ 

These equations define the normalisation of the generators of the li representation. The 
commutators of the generators of the li representation with those of GL(ll) are given by 

[K\, P c ] = -5 a c P b + ^P c , [K\, Z C1C2 ] = 24 Cl ^ |a|c2] + \b a h Z ClC \ 

[K a b , Z C1 - C5 } = $s l b Cl Z\ a \ C2 - c ^ + -5%Z C1 - C5 (A10) 
The commutation relations with the level two generators of En are given by 

[R ai - a6 ,P b ] = -3d l b ai Z- a6 \ [K 11 - a *,Z blba ] = z blb2 ^ ai - a5 ' ae \ (All) 

The commutators with the level —1 negative root generatorsare given by 

5! 

[Ra 1 a 2 a 3 ,P b ] = 0, [R ai a 2 a 3 , Z 1 2 ] = %5^^P a ,^, [R aia2 a 3 , Z 1 J ] = — 5 a * a 2 a 3 Z 4 ^ 

(A 12) 
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